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We present a general strategy to solve the stationary Schro¨dinger-Poisson (SP) system of equations
for multistates with axial symmetry. The approach allows us to obtain the well known single
and multistate solutions with spherical symmetry, Newtonian multistate ℓ−boson stars and axially
symmetric multistate configurations. For each case we construct particular examples that illustrate
the method, whose stability properties are studied by numerically solving the time-dependent SP
system. Among the stable configurations there are the two-state configurations including spherical
and dipolar components, which might have an important value as potential anisotropic dark matter
halos in the context of ultralight bosonic dark matter scenarios. This is the reason why we also
present a possible process of formation of these two-state configurations that could open the door
to the exploration of more general multistate structure formation scenarios.
PACS numbers: keywords: self-gravitating systems – dark matter – Bose condensates
Systems of self-gravitating scalar bosons have been
widely studied and discussed ever since the appearance
of the seminal work in Ref. [1]. The main feature be-
ing the existence of stable equilibrium configurations,
which is the result of a well-posed eigenvalue problem
of the Einstein-Klein-Gordon system of equations. The
stability of such systems have been studied by both semi-
analytical and numerical means, see for instance the com-
prehensive reviews [2, 3] and references there in. Al-
though most of the studies have focused on spherically
symmetric configurations, there are already some of them
that have tested the properties of the scalar field systems
under general circumstances, e. g. axially-symmetric or
rotating solutions, see [3, 4].
Apart from their applications in astrophysical situa-
tions involving compact objects, there was a renewed in-
terest in self-gravitating bosons because of their possi-
ble role as dark matter candidates in the galactic and
cosmological contexts [5–9]. In particular, the appro-
priate setup for the formation of galaxies is the non-
relativistic, Newtonian regime, conditions under which
the Einstein-Klein-Gordon equations become the so-
called Schro¨dinger-Poisson (SP) system [10, 11]. The
self-gravitating solutions of the SP equations seem to be
in agreement with the formation of cosmological struc-
ture as long as the boson mass takes the tiny value
ma = 10
−22 eV/c2 [12–17].
As suggested already in Ref. [1], there is the possibil-
ity to consider the population of different eigenstates in
a system of self-gravitating bosons, an idea that was in
turn taken for the construction of more general configu-
rations to model galaxy dark matter halos in [18]. The
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so-called multistate system was then studied more rig-
orously in [19, 20], where it was found that the system
was gravitationally stable as long as the ground state is
the most populated one. However, the studies have fo-
cused on spherical multistate systems (although see [21]),
and then the door is open for more general configurations
that can expand the possibilities of the boson dark mat-
ter model.
In this manuscript, we present a general approach
for the construction of equilibrium configurations with
mixed states of the SP system of equations with axial
symmetry. For that we follow guidance from previous
works, specially for the chosen ansatzs of the scalar wave-
function and the gravitational potential [21–24]. The re-
sultant combination of various states resembles an atom-
like structure, similarly to its relativistic counterpart
studied in [25].
General framework. The SP system of equations, in
variables absorbing the constants ~, G, the boson mass
ma and without self-interaction, for a combination of
states nℓm is
iΨ˙nℓm = −1
2
∇2Ψnℓm + VΨnℓm , ∇2V =
∑
nℓm
|Ψnℓm|2 .(1)
Here, Ψnℓm = Ψnℓm(t,x) is an order parameter de-
scribing the macroscopic behavior of the boson gas, so
that |Ψnℓm|2 is the mass density of the given state, and
V = V (t,x) is the gravitational potential sourced by the
bosonic clouds in different states.
We assume the following ansatz for the wave function
Ψnℓm(t,x) =
√
4π e−iγnℓmt rℓψnℓm(r)Yℓm(θ, ϕ) , (2)
where γnℓm is a frequency to be determined from a
well-posed eigenvalue problem. The quantum numbers
2that label each state take the values: n = 1, 2, . . .,
ℓ = 1, 2, . . . , n− 1 and m = −ℓ,−ℓ+1, . . . , ℓ− 1, ℓ, where
the number of nodes in the radial function ψnℓm is given
by n− 1− ℓ.
The gravitational potential is determined from the fol-
lowing Poisson equation,
∇2V =
∑
nℓm
r2ℓψ2nℓmYℓmY
∗
ℓm . (3)
In order to solve Eq. (3), it is convenient to consider
an expansion of the gravitational potential in spherical
harmonics of the form,
V (x) =
√
4π
∑
ℓm
Vℓm(r) r
ℓYℓm(θ, ϕ) . (4)
Under the expansion (4), Poisson equation (3) becomes
a set of equations for each radial function Vℓm,
∇2rℓVℓ0 =
√
4π
rℓ
∑
n1ℓ1m1
(−)m1Gℓ1 ℓ1 ℓm1 −m10 r2ℓ1ψ2n1ℓ1m1 . (5)
where we have defined the rℓ-Laplacian operator ∇2rℓ =
∂2r + [2(ℓ+ 1)/r]∂r.
Additionally, we have used in Eq. (4) the so-called
Gaunt coefficients G, which are defined as [26]
Gℓ1 ℓ2 ℓm1m2m ≡
∫
Ω
Yℓ1m1Yℓ2m2Y
∗
ℓm dΩ . (6)
Gaunt coefficients (6) follow the selection rules: m =
m1 + m2 and |ℓ1 − ℓ2| ≤ ℓ ≤ ℓ1 + ℓ2, and are different
from zero only if ℓ1 + ℓ2 + ℓ is an even number.
Notice that the magnetic number for all the radial co-
efficients in Eq. (5) is zero, which means that the gravita-
tional potential does not depend on the azimuthal angle
ϕ. This is a direct consequence of the selection rule on
the magnetic number of the Gaunt coefficients (6), which
demand in this case that m = m1 −m1 = 0. Addition-
ally, the selection rules also read 0 ≤ ℓ ≤ 2ℓ1 and since
the combination 2ℓ1 + ℓ should be an even integer, then
ℓ can only take even integer values: ℓ = 0, 2, . . . , 2ℓ1.
On the other hand, Schro¨dinger equation for the radial
wave function ψnℓm in the ansatz (2) is
∇2rℓψnℓm = 2
(√
4π
∑
ℓ1
Gℓ1ℓ ℓ0mm rℓ1Vℓ10 − γnℓm
)
ψnℓm .
(7)
A small note is in turn. To write down the forego-
ing equation we required the expansion of the product
Vℓ10Ψnℓm in terms of Yℓ2m2 , which involves the Gaunt
coefficients Gℓ1ℓ ℓ20mm2 . The selection rules require that
m2 = m and |ℓ1 − ℓ| ≤ ℓ2 ≤ ℓ1 + ℓ. If ℓ1 = 0, cor-
responding to the monopole term V00, there is no other
option but ℓ2 = ℓ. However, if ℓ1 ≥ 2, there is the possi-
bility that ℓ2 can also take on larger values than ℓ, and
then the expansion on the product Vℓ10Ψnℓm may have
more non-zero terms than required for Eq. (7). In this
respect, the latter should be considered an approximated
expansion of Eq. (1) whenever ℓ1 ≥ 2 (see also for a sim-
ilar case [22]).
To finish the description of our general framework,
for the suggested ansatz (2) we can calculate some
physical quantities of interest. For instance, the to-
tal number of particles in the state nℓm is given
by Nnℓm = (1/4π)
∫ |Ψnℓm|2d3x, whereas the ki-
netic and potential energies are respectively given by
Knℓm = −(1/2)
∫
Ψ∗nℓm∇2Ψnℓm d3x and Wnℓm =
(1/2)
∫ |Ψnℓm|2V d3x.
One can show from Eq. (7) that for stationary config-
urations Knℓm + 2Wnℓm = γnℓmNnℓm, a relation that
was first written down for spherically symmetric con-
figurations [1, 10, 27]. Related quantities that will be
useful below are the total energy ET = KT +WT , and
correspondingly the total kinetic and potential energies
KT =
∑
nℓmKnℓm and WT =
∑
nℓmWnℓm, respectively.
Likewise, we define the (total) effective eigenfrequency as
γTNT =
∑
nℓm γnℓmNnℓm, where NT =
∑
nℓmNnℓm.
There are various interesting scenarios enclosed into
this general framework that we are to describe now. We
start first with a presentation of spherically symmetric
cases, and then we continue with examples that incor-
porate axially symmetric features. For all the cases we
solved the equations of motion (5) and (7) to find the
equilibrium configurations and their particular proper-
ties. We have summarized the different scenarios in Ta-
ble I, together with selected examples and the respective
values of different quantities of interest. Likewise, we
show in Fig. 1 the radial profiles of wave functions and
gravitational terms for some of the aforementioned ex-
amples.
1. Single state spherical configurations. The first case
is the single state solution with spherical symmetry, in
which the wavefunction is ψn00, with n ≥ 1. For the
Gaunt coefficients in the Poisson equation (5) we find
G00ℓ000 = δℓ0/
√
4π, and then high multipole terms of the
gravitational potential beyond the monopole satisfy an
homogeneous equation ∇2rℓVℓ0 = 0. From this we can
consider, without loss of generality, that Vℓ0 = 0 for
ℓ ≥ 2. Also, the only non-zero Gaunt coefficient for the
Schro¨dinger equation (7) is G000000 = 1/
√
4π. Thus, the
equations of motion for spherically symmetric configura-
tions are
∇2r0ψn00 = 2 (V00 − γn00)ψn00 , ∇2r0V00 = ψ2n00 . (8)
Eqs. (8) conform a closed, self-contained system. Its
solutions constitute a one parameter family of equilib-
rium configurations characterized by the central value of
the wave function ψn00(0). They have been widely stud-
ied and their stability properties are well established.
Ground state equilibrium configuration (n = 1) is sta-
ble, whereas excited configurations with nodes (n ≥ 2)
3State ψnℓm γT NT r95 KT WT KT /|WT | Stability
1. Single spherical [Eqs. (8)]
ψ100 −0.69 2.06 3.93 0.476 −0.952 1/2 Stable
ψ200 −0.65 4.59 8.04 0.990 −1.981 1/2 Unstable
· · · Unstable
2. Multistate spherical [Eqs. (9)]
ψ100 + ψ200 −0.72 2.82 6.60 0.681 −1.353 1/2 Stable if N200/N100 < 1.1 [20]
3. ℓ-boson star [Eqs. (10)]
ψ210 + ψ211 + ψ21−1 −0.96 4.22 4.80 1.360 −2.719 1/2 Stable
ψ100 + ψ210 + ψ211 + ψ21−1 −1.05 3.55 4.31 1.239 −2.478 1/2 Stable
4. Single axial [Eqs. (11)]
ψ210 −1.04 4.04 4.70 1.408 −2.815 1/2 Unstable
ψ211 [ψ21−1] −0.99 4.18 4.88 1.373 −2.745 1/2 Unstable
5. Multistate [Eqs. (12)]
ψ100 + ψ210 −1.07 3.51 4.20 1.254 −2.506 1/2 Stable
ψ100 + ψ211 [ψ100 + ψ21−1] −1.05 3.54 4.28 1.243 −2.485 1/2 Stable
TABLE I. Different physical quantities of the states described in the text. In order of appearance from left to right: effective
eigenfrequency γT , total number of particles NT , 95% radius r95, kinetic and potential energies KT and WT , respectively,
and their virial ratio KT /|WT |. The values reported correspond to solutions of the equations in each case, using the central
values ψ100(0) = 1 and ψ210(0) [ψ21±1(0)] = 0.5. The boundary conditions used at r →∞ were: ψnℓm = 0, V00 = −NT /r and
V20 = 0, which in turn allowed the determination of the eigenvalues γnℓm, V00(0) and V20(0). The stability was determined
by numerically solving Eqs. (1), verifying that the oscillation frequencies are consistent with the eigenvalue problem and that
unitarity is preserved.
are unstable, even though all configurations are virial-
ized, that is, the kinetic to potential energy ratio is
Kn00/|Wn00| = 1/2 [1, 10, 11, 27].
2. Multistate spherical configurations. In this case the
equations of motion are
∇2r0ψn00 = 2 (V00 − γn00)ψn00 , ∇2r0V00 =
∑
n
ψ2n00 .
(9)
These multistate configurations conform a multi-
parameter family of solutions characterised by the central
value of each wave function: ψ100(0), ψ200(0), . . . It was
found in Ref. [20] that in the case of two state configu-
rations, stablility is granted provided N100/N200 < 1.1.
Although the states are not virialized separately, that is
2Kn00 + Wn00 6= 0, the total kinetic and potential en-
ergies satisfy the virial relation
∑
n(2Kn00 + Wn00) =
2KT +WT = 0. This means that, collectively, multistate
configurations also satisfy the energy relations found for
single configurations, in particular that their total energy
is related to the potential and number of particles in the
form: ET = (1/2)WT = (1/3)γTNT .
3. Non-relativistic ℓ-boson stars. Our approach in-
cludes also the so-called ℓ-boson stars [28, 29] (see also
[30]) in the Newtonian limit. For this case the radial
functions are the same for all possible values of the mag-
netic number, that is, ψnℓm = ψnℓ0. The hierarchy of
equations (5) under this particular assumption reads
∇2rℓVℓ0 =
√
4π
rℓ
∑
n1,ℓ1
r2ℓ1ψ2n1ℓ10
[
ℓ1∑
m1=−ℓ1
(−)m1Gℓ1 ℓ1 ℓm1−m10
]
=
δℓ0
rℓ
∑
n1,ℓ1
(2ℓ1 + 1) r
2ℓ1ψ2n1ℓ10 . (10a)
where we have used the standard addition theorem of
spherical harmonics in the intermediate step. The Kro-
necker delta in Eq. (10a) implies that the only surviv-
ing multipole term of the gravitational potential is the
monopolar one, V00. The complete set of equations in
this case is complemented by the hierarchy of Schro¨dinger
equations in the form
∇2rℓψnℓ0 = 2 (V00 − γnℓ0)ψnℓ0 . (10b)
Eqs. (10) confirm, first, that the Newtonian gravita-
tional potential of ℓ-boson stars is spherically symmetric,
just as their relativistic counterparts [28, 29]; and, sec-
ond, that one can also consider multistate ℓ-boson stars.
Notice the resemblance of Eqs. (10) with Eqs. (9): multi-
state ℓ-boson stars become a generalization of the multi-
state spherical configurations, but now with the involve-
ment of axially-symmetric density profiles.
4. Single axially-symmetric configurations. These are
a different generalization from single state spherical so-
lutions. We illustrate the solution with the single dipolar
ψ210Y10 term in Eq. (2). For the right hand side of
Poisson equation (5) we require the Gaunt coefficients
G110000 = 1/
√
4π and G112000 = 1/(
√
5π), which implies that
the gravitational potential must be represented by the
monopolar V00 and quadrupololar V20 terms only. For
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FIG. 1. (Top Left) Double-state spherical configuration from
Eqs. (9). Shown are the radial profiles of ψ2100, ψ200 and
V00. (Top Right) Dipole ℓ-boson star from Eqs. (10), cor-
responding to the single state ψ210. (Middle Left) Mixed ℓ-
boson star from Eqs. (10), corresponding to the states ψ100
and ψ210. In both instances of ℓ-boson stars we also show
the respective (monopole) gravitational potential V00. (Mid-
dle Right) Dipole equilibrium configuration from Eqs. (11).
Shown are the radial profiles of r2ψ2210, V00 and r
2V20. (Bot-
tom Left) Dipole equilibrium configuration with angular mo-
mentum from Eqs. (11). Shown are the radial profiles of
r2ψ2211, V00 and r
2V20. (Bottom Right) Mixed state with a
ground-dipole combination from Eqs. (12). Shown are the ra-
dial profiles of ψ2100, r
2ψ2210, V00 and r
2V20. For comparison
in all cases, we show the radial profiles of ψ2100 and V00 for
a ground state equilibrium configuration, see Eqs. (8) (black
solid and black dashed curves, respectively). See the text for
more details.
the Schro¨dinger equation (7) we need the Gaunt coeffi-
cients G011000 = 1/
√
4π and G211000 = 1/(
√
5π). Thus, the SP
system splits into the following system of equations1,
∇2r1ψ210 = 2
(
V00 +
2√
5
r2V20 − γ210
)
ψ210 , (11a)
∇2r0V00 = r2ψ2210 , ∇2r2V20 =
2√
5
ψ2210 . (11b)
1 Following the small note after Eq. (7), another non-zero Gaunt
coefficient that arises in the expansion of Eq. (11a) is G213000 =
(3/2)
√
3/35pi. This coefficient implies the presence of a term of
the form V20ψ210Y30 that could not be included in Eq. (11a), and
then the latter must be seen as an approximated representation
of Eq. (1) for the dipole wavefunction Ψ210.
We can include angular momentum by considering in-
stead the single wavefunction ψ211. The required Gaunt
coefficients now are: G1 101−10 = −1/
√
4π and G1 121−10 =
1/(2
√
5π) for Poisson equation (5); and G011011 = 1/
√
4π
and G211011 = −1/(2
√
5π) for the Schro¨dinger equation (7).
Hence, the resulting equations of motion for a rotating
dipole are obtained from Eqs. (11) by the mere replace-
ments ψ210 → ψ211, and 2/
√
5 → −1/√5 for the terms
involving V20. The change of sign means that the inclu-
sion of angular momentum in the dipole configuration
has the effect to make the (quadrupole) gravitational po-
tential V20 repulsive.
5. Multistate axial configurations. We are in position
to construct configurations with arbitrary combinations
of wave functions, either spherically or axially symmet-
ric. As a representative example, we consider a mixed
configuration composed of a ground state plus a dipole.
Taking into account the previously calculated Gaunt co-
efficients, Eqs. (5) and (7) become now four equations,
∇2r0ψ100 = 2 (V00 − γ100)ψ100 , (12a)
∇2r1ψ210 = 2
(
V00 +
2√
5
r2V20 − γ210
)
ψ210 , (12b)
∇2r0V00 = ψ2100 + r2ψ2210 , ∇2r2V20 =
2√
5
ψ2210 .(12c)
If we were to consider the mixed state with angular mo-
mentum, e.g. ψ100 and ψ211, we only need to replace
2/
√
5→ −1/√5 for the terms involving V20 in Eqs. (12).
The solution is parametrized by the central values ψ100(0)
and ψ210(0) and in general on the central value of the
wave functions associated to each state.
Stability. In order to check the stability of the con-
figurations we solve the full time-dependent system (1)
for the various configurations, using an enhanced version
of the 3D code in Ref. [31] that evolves now multiple
states. Should a configuration be long-lived with diag-
nostics evolving around equilibrium values is our criteria
to determine stability/instability of the cases shown in
Table I.
As a representative case, we show the evolution of
a two-state axial configuration of the form ψ100 + ψ210
in Fig. 2. The time window used for the evolution is
t ∈ [0, 300] which includes about sixty cycles of the spher-
ical wavefunction ψ100. Two important quantities of the
evolution are shown in the top left panel of Fig. 2, which
correspond to the energy combinations 2K100+W100 and
2K210+W210. They are not zero, but the total quantity
2KT +WT oscillates around zero as expected for (nearly)
virialized systems. Another important diagnostics con-
sists in verifying that the wavefunctions oscillate with
their expected eigenfrequencies. For this we tracked the
time evolution of the maximum values of ψ100 and ψ210,
and calculated their Fourier Transform. We see from
the right top panel in Fig. 2 that the eigenfrequencies
are γ100 ≃ 1.25 and γ210 ≃ 0.93, whereas we measure
N100 = 1.537 and N210 = 1.9714. These results together
5imply that the effective frequency obtained from the evo-
lution γT =
γ100N100+γ210N210
N100+N210
= 1.07, is in agreement
with the solution of the eigenvalue problem at initial time
reported in Table I.
We also checked unitarity through the conservation of
the number of particles in each state, namely N100 and
N210. It can be seen from the bottom left panel in Fig. 2
that the number of particles in each state, normalized
to their initial value, changes in less than 0.1%. Finally,
a sign of evolution is that the density of the two states
oscillate conspiring to maintain the configuration long-
lived, as shown in the bottom right panel in Fig. 2.
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FIG. 2. Diagnostics of the mixed ψ100+ψ210 configuration. In
the top left panel we show separately the quantities 2K100 +
W100 and 2K210+W210, so as their addition. In the top right
panel we show the Fourier Transform of the central value of
ψ100 and the maximum of ψ210 as functions of time. Then we
show in the bottom left the number of particles in each state
varies by less than 0.1%, and finally snapshots of the density
of each state in the bottom right panel that show how they
oscillate.
Formation of multistate configurations. If these config-
urations are to play a role in astrophysics and cosmology,
it is important to show not only that they are long-living
solutions, but that they can be formed. For this we think
of a simple scenario where two equilibrium configurations
merge, with the condition that they are made of two dif-
ferent non-coherent fields Ψ
(1)
100 and Ψ
(2)
100, associated to
equilibrium spherical solutions in the ground state. Con-
sistently with (1), we assume the system evolves accord-
ing to iΨ˙
(j)
100 = − 12∇2Ψ
(j)
100 + VΨ
(j)
100 with j = 1, 2 and
∇2V = ∑2j=1 |Ψ(j)100|2. Snapshots of an unequal mass
head-on merger are shown in Fig. 3 and animations ap-
pear in the supplemental material [32]. After the en-
counter of the two configurations, the smaller configu-
ration splits into two regions along the head-on axis z.
The system oscillates around the center of mass during a
time window corresponding to more than 2000 cycles of
the wave function. During the evolution the system does
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FIG. 3. Snapshots of the merger of two spherical equilib-
rium configurations in different coherent states that share the
gravitational potential. In this case we show the case of mass-
ratio N (1)/N (2) = 0.9 and initial head-on momentum along
the z-axis of pz = 0.3, using the conventions in Ref. [33].
not settle into a nearly stationary configuration, however
the morphology of the densities, even if time-dependent,
resembles that in the bottom right panel of Fig. 2.
Final comments. We presented a general approach for
the construction of axially symmetric multistate solu-
tions of the SP system, with and without angular mo-
mentum. We also sampled the properties of particular
representative configurations of single and two-state con-
figurations for illustration, whose stability was studied
based on numerical evolution. We expect this method to
have impact on studies related to bosonic dark matter
anisotropic halos, since they might explain dwarf galaxy
distributions [34], reason why we explored a potential
formation process of multistate configurations.
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